The effects of the solvent quality on the adsorption of weakly charged polyelectrolytes at an oppositely charged surface are investigated using the self-consistent mean field theory. The analytical solutions of the self-consistent field equations are obtained in the case of , good and poor solvents for the polymer backbone. Using these analytical solutions the thickness of the adsorbed layer is calculated as a function of the surface charge density, salt concentration, and solvent quality. It is shown that for polyelectrolyte adsorption from and good solvents the surface charge is always overcompensated by adsorbed chains. For low ionic strengths the surface overcharging is inversely proportional to the Debye screening length. However, in the case of adsorption from a poor solvent the adsorbed polyelectrolytes undercompensate the surface charge.
I. INTRODUCTION
Adsorption of polyelectrolytes 1,2 presents considerable practical interest. [3] [4] [5] This phenomena have found its application in different areas of science and technology such as colloids, medical science, pharmacy, food processing, water purification, etc. Over the last 30 years much experimental and theoretical efforts have been made to uncover the factors governing adsorption of polyelectrolytes at charged surfaces. [3] [4] [5] The majority of theoretical works dealing with polyelectrolyte adsorption on a charged surface has been carried out within the framework of the self-consistent field ͑SCF͒ method. 4 In these theories the polymer density distribution is coupled to the local electrostatic potential through the combination of the Poisson-Boltzmann equation and the Edwards equation describing the polymer conformations in the effective external potential ͑see for review Refs. 4 and 5͒. This approach was first applied by Van der Schee and Lyklema 6 and Evers et al. 7 They have shown that in salt free-solutions strong repulsion between charged monomers leads to very thin adsorbed layers. If this interaction is screened, by adding salt, the adsorbed amount increases and the adsorbed layer becomes thicker. 8 The extension of the Van der Schee and Lyklema theory to the case of weak polyelectrolytes was done by Bohmer et al. 9 Polyelectrolyte adsorption has also been studied using the ground-state dominance approximation of the SCF method. [10] [11] [12] [13] The linearized solutions of the PoissonBoltzmann and diffusive equations were obtained by Varoqui et al. 10 They have considered the conformation of weakly charged polyelectrolytes at the liquid-solid interface and calculated the adsorption isotherm and the concentration profile of the polymers near the charged interface. The numerical solution of the nonlinear Poisson-Boltzmann equation was presented by Borukhov et al. 12 These authors have calculated the concentration profile of the weakly charged polyelectrolytes between two charged surfaces.
Despite the significant success of the SCF method in uncovering the major factors governing polyelectrolyte adsorption, 4 this method relies on the numerical solution of a system of self-consistent equations which makes it extremely difficult to separate effects of different factors on polyelectrolyte adsorption and to provide simple physical interpretation of the obtained results. I will show in the present paper that it is possible to obtain the analytical solution of the self-consistent field equations in the case when the equilibrium polyelectrolyte concentration near a charged surface is determined by the balance between the electrostatic attraction of the charged monomers to the charged surface and the excluded volume interactions. For example, in the case of a -solvent for the polymer backbone this balance results in parabolic density profile of polyelectrolytes in the adsorbed layer. The paper is organized as follows. Section II is devoted to the solution of the nonlinear Poisson-Boltzmann equation for the polyelectrolyte adsorption in a -solvent. In Secs. III and IV, I generalize my results to the case of poor and good solvents.
II. STRUCTURE OF THE ADSORBED LAYER NEAR THE CHARGED SURFACE IN THE -SOLVENT

A. Model
Consider the adsorption of polyelectrolyte chains with the degree of polymerization N and having fraction f of the negative charges randomly distributed along the chains on a positively charged surface with the surface charge density e. The surface is located parallel to the xy-plane at point zϭ0. The chains adsorb from a dilute solution with the dielectric constant and the average polymer concentration and salt concentration are given by bulk and salt , respectively. The dissociated counterions of the polymer chains are distributed in the solutions with average density f bulk . Far from the charged surface the conformations of the polymer chains are not perturbed by electrostatic interactions with the oppositely charged surface and conformation of a polyelec-trolyte chain is controlled by Coulomb repulsion between the charged monomers. This electrostatic repulsion leads to chain stretching on length scales larger than electrostatic blob 17 
N. ͑1͒
The electrostatic self-energy of the polyelectrolyte chain W pe is proportional to the thermal energy kT times the number of electrostatics blobs N/g e in the polyelectrolyte chain,
Combining this energy with the contribution due to translational degrees of freedom of the chains one can obtain the chemical potential of a polyelectrolyte chain far from the charged surface,
Near the charged surface the polyelectrolyte chains form a concentrated polymer solution. In this region the distribution of the polymer density can be described in the framework of the mean-field approximation, assuming that the electrostatic interactions of polyelectrolyte with the effective field created by other chains dominate over its electrostatic self-energy. In this approximation the polymer density (z) and the small ion density ␣ (z) depends only on the distance z from the charged surface. This approximation is correct as long as the local polymer density (z) is higher than that inside the electrostatic blob e Ϸg e /D e 3 Ϸa Ϫ3 u
. Within the mean-field approximation the free energy of the system has three terms, [10] [11] [12] [13] [14] [15] which include the electrostatic interactions between counterions, polyelectrolyte chains, and the surface charges, V elect , the translational entropy of counterions F count , and the free energy of polymer chains F pol , ⌬FϭV elect ϩF pol ϩF count . ͑4͒
The part of the free energy describing the electrostatic interactions of the surface charges with the solution density fluctuations, V elect , is
The first term in the r.h.s. describes the effects of electrostatic interactions between charged surface and charge distribution q(z) in the system
where q ␣ and ␣ (z) are the valency and the local density of small ions in the system, (z) is the local polymer concentration. The second term in the r.h.s. of Eq. ͑5͒ describes the electrostatic interactions between the charged layers located at distances z and zЈ from the charged surface. The polymeric contribution F pol to the free energy includes three terms, the conformational entropy of the polymer chains, the third virial term describing the monomer-monomer interactions in a -solvent, and the ideal gas contribution due to chains translational entropy in the adsorbed layer,
where ⌫ is the polymer surface coverage,
The polyelectrolyte chains are localized within the layer of thickness D and are in thermal equilibrium with the bulk. At equilibrium the chemical potential of the polyelectrolyte chains in the adsorbed layer,
͑9͒
where is the Lagrange multiplier for the constraint Eq. ͑8͒, is equal to that in the bulk. The nonelectrostatic contribution of the small ions to the free energy ͑4͒ is taken into account at the level of their ideal gas entropy,
͑10͒
To find the equilibrium polymer and counterion density distributions near the charged surface one has to take the variational derivative of the free energy with respect to polymer (z) and small ions ␣ (z) densities subject to additional constraints that fix the total number of molecules in the system. The extremal equation for the polymer density distribution is kT
͑11͒
This parameter can be found from the condition that at equilibrium the chemical potentials of polyelectrolyte chains in the bulk ch Eq. ͑3͒ and in the adsorbed layer ads Eq. ͑9͒ are equal. For long polyelectrolyte chains (Nӷ1) the parameter is equal to kTg e Ϫ1 and can be considered as a chemical potential of the monomer in the bulk.
In Eq. ͑11͒, I have introduced the reduced electrostatic potential (z),
that satisfies the Poisson equation
͑13͒
with the boundary condition at the charged surface
I will assume that there is no specific interactions between polymers and surface except electrostatic ones and the surface is impenetrable to monomers. This gives the following boundary condition for polymer concentration at the charged surface:
The distribution of small ions in the adsorbed polymer layer is given by the Boltzmann distribution,
where ␣ is the bulk concentration of the small ions. Thus the system of Eqs. ͑11͒-͑13͒ together with the boundary conditions ͑14͒ and ͑15͒ describes the polyelectrolyte adsorption from a dilute polymer solution.
B. Self-similar adsorbed layer
The system of differential Eqs. ͑11͒-͑13͒ can be solved analytically when the screening of the charge surface is dominated by adsorbed polyelectrolyte chains and salt ions. In the case of the weak electrostatic potential (z)Ӷ1 this system can be reduced to kT
where r D is the Debye radius due to the salt ions (r D
Ϫ2
ϭ8l B salt ). In my analysis of these equations I will first ignore the last term in the r.h.s. of Eq. ͑17͒, that is due to conformational entropy of the polyelectrolyte chains, and disregard the boundary condition for polymer concentration at the charged surface Eq. ͑15͒. The limitations of this approximation will be discussed below. For long polyelectrolyte chains (Nӷ1) the Lagrange multiplier is of the order of kTg e Ϫ1 and can be neglected if the local monomer con-
. Taking this into account one can solve Eq. ͑17͒ for polymer density, [16] [17] [18] [19] 
and rewrite Eq. ͑18͒ as follows:
͑20͒
This equation is solved by the polymer density profile,
where the thickness of the adsorbed layer D can be found from the boundary condition Eq. ͑14͒,
For low salt concentrations (r D ӷD) the polymer density profile has parabolic form, 20, 21 ͑z ͒ϭ
and the layer thickness D is given by the following expression:
The adsorbed layer can be considered as built of the blobs with gradually increasing size (z) ͑see Fig. 1͒ . 20, 21 The number of monomers g(z) in a blob is determined from the fact that these blobs are space-filling g(z)Ϸ(z) 3 (z) and the statistics of a chain inside a blob is Gaussian 2 (z)
. This gives the dependence of the blob size,
and the number of monomers in them,
at a distance z from a surface. These blobs are multivalent sections of polyions with the valency q(z)ϭ f g(z). The density profile given by Eq. ͑23͒ is incorrect near the charge surface (zϷ0) and at the edge of the adsorbing layer (zϷD)-the regions with large gradients of polymer density. Close to the charged surface typical density fluctuations occur at length scales of the order of the correlation length (z)Ϸ((z)a 2 ) Ϫ1 . Thus, the thickness of polymer depletion layer near charged surface is of the order of (0) Ϸa
. The contribution from this layer is negligeable as long as the correlation length (0) is smaller than the thickness of the adsorbed layer D or for surface charge densities, , larger than e Ϸ f /a 2 ,-solvent. ͑27͒
FIG. 1. Polymer density profile and layer structure in the self-similar adsorbed layer for polyelectrolyte adsorption from the -solvent ( e Ͻ Ͻ ion ).
At the edge of the adsorbing layer the three-body interactions a 6 (z) 3 becomes of the order of the chain conformational entropy,
at a distance z from a charged surface of the order of
At these length scales the gradient term in Eq. ͑17͒ has to be taken into account. However, the contribution from this layer can also be neglected if the thickness of the adsorbed layer D is larger than the size of the electrostatic blob D e or Ͼ e . Integration of the polymer density profile (z) between 0 and D gives the polymer surface excess,
where y is the ratio of the layer thickness D to the Debye screening length r D (yϭD/r D ). Thus at zero salt concentration the adsorbed polyelectrolytes compensate the surface charge .
The addition of salt decreases the polymer adsorbed amount, because the salt ions also taking part in screening of the surface charge. The power law dependence of the polymer surface excess on the salt concentration can be understood by following simple arguments. The typical excess charge density ␦ salt of the salt ions in the adsorbing layer is
where (z) is the value of the electrostatic potential at distance z from the charged surface. A typical value of the electrostatic potential (z) in the adsorbed layer can be estimated as l B D. Multiplying the excess charge density ␦ salt by the layer thickness D one obtains the counterion surface excess,
Thus the part D 2 /r D 2 of the surface charge is screened by the salt ions that leaves for polyelectrolyte chains to screen only ϪD 2 /r D 2 part of the surface charge.
C. Surface overcharging
As I have already pointed out the mean-field description of the polyelectrolyte adsorbed layer presented above is incorrect at distances z from the surface larger than DϪD e . At these length scales the fluctuations of the polymer density a Ϫ3 (u f 2 ) 1/3 become larger than the average polymer density given by Eq. ͑23͒. In order to obtain the surface overcharging by adsorbed polyelectrolytes, due to fluctuations of polymer density at the edge of the adsorbed layer, the solution is divided into two regions. Region I of the thickness D is where the screening of surface charge is due to polyelectrolyte chains and salt ions. Region II (zϾD) is where the polymer concentration is equal to zero and the screening of the surface charge is controlled by the salt ions.
In region II the electrostatic potential satisfies the following differential equation:
with the boundary condition
where ␦ϭϪ f ⌫Ϫ⌫ salt is the effective surface charge density whose value has to be found self-consistently to match the electrostatic potential and its derivative within region I at zӍD. A positive value of ␦ corresponds to undercharging of a charged surface. The electrostatic potential in region II is
͑35͒
In region I the local electrostatic potential and polymer concentration are related through the system of equations,
The order of magnitude estimate for the effective surface charge density, ␦, can be obtained by estimating the terms in the last equation at zϭD as follows:
The second term in the r.h.s. of Eq. ͑38͒ can be estimated by taking the square root from both sides of Eq. ͑37͒ and by taking the second derivative with respect to z. Once again using the continuity condition of the electrostatic potential, one can obtain the necessary derivatives of the electrostatic potential I (z) at zϭD from that of the potential II (z) in region II. After some algebra Eq. ͑38͒ can be rewritten as follows: . The further increase of polymer density is unfavorable due to the high cost of the short-range monomer-monomer repulsive interactions. For higher surface charge densities, Ͼ ion , counterions start to dominate the screening of the surface potential inside a layer of thickness h. A counterion pays of the order kT in translational entropy when it is localized at surface inside the layer of thickness h, while it will cost more than kT in repulsive energy between monomers to produce similar screening effects by increasing polymer concentration above a Ϫ3 f 1/2 . In order to obtain analytical expressions for polymer and counterion density distributions the adsorbed layer is divided into two regions. Inside region I with the thickness h ͑see 
h) at zϭh(␦(z)ϭ(z)Ϫ(h)).
The electrostatic potential inside region I has a logarithmic form,
where the parameter 2 is equal to 1/ͱ2l B S (h). At the charged surface the derivative of the electrostatic potential d␦(z)/dz has to be equal to Ϫ4l B . This requirement gives the following relation between , 2 , and h:
The counterion distribution in this region is
The polymer density profile inside region I has a weak logarithmic dependence on the distance z from the charged surface,
͑46͒
The localized counterions ͑inside region I͒ reduces the surface charge density up to the value 2 that determines the boundary condition for the nonlinear Eq. ͑20͒ in region II,
In region II the screening of the charged surface is controlled by adsorbed polyelectrolytes. The solution of Eq. ͑20͒ at low salt concentrations still gives the parabolic polymer density profile,
with the thickness D 2 of region II being given by Eq. ͑24͒, where the surface charge density has to be substituted by the effective surface charge density 2 at the region boundary (zϭh). The boundary between the two regions is defined as a plane where the local concentration of counterions S (h) is equal to the concentration of the charged monomers f (h), 
III. POLYELECTROLYTE ADSORPTION IN A POOR SOLVENT
The polyelectrolyte chains in a poor solvent form a necklacelike globule [22] [23] [24] [25] [26] [27] [28] [29] [30] of beads connected by narrow strings. The monomer density inside this globule is defined by the balance between the two body attraction Ϫa 3 N and three body repulsion a 6 2 N. The resulting density inside the globule is Ϸ/a 3 , ͑52͒
where the reduced temperature is given by ϭ͑⌰ϪT͒/⌰, ͑53͒
and ⌰ is the theta temperature of the polymer. The shape of the globule is determine by competition between electrostatic repulsion between charged monomers and surface energy of the globule. 22, 23 The size of the beads,
͑54͒
is determined by the Rayleigh's stability condition,
where
is the number of monomers in a bead (m b ϷD b 3 ). The diameter of the strings is of the order of thermal blob size T Ϸa/. The length l str of the string connecting two neighboring beads can be estimated by balancing the electrostatic repulsion between two closest beads kTl B f 2 m b 2 /l str and the surface energy of the string kTl str / T . The equilibrium distance between beads is
The mass of the string between neighboring beads m str Ϸl str T 2 is much smaller than the mass of the bead m b ,
Ӷ1. ͑58͒
In this case the number of beads N bead on a chain is approximately equal to N/m b Ϸu f 2 N/. Since most of the necklace length is due to the strings (l str ӷD b ), the length of the necklace can be estimated as the number of beads N bead on the chain times the length of a string l str between neighboring beads,
In this approximation the total free energy of the polyelectrolyte chain in a poor solvent is
where the first term is the electrostatic and surface energies of the beads, the second one is the electrostatic repulsion between beads which is of the order of the surface energy of the strings, and the last one is the free energy of the polymer backbone in a poor solvent. The electrostatic repulsion between beads ͓the second term in the r.h.s. of Eq. ͑60͔͒ is smaller than the electrostatic energy of the beads ͑the first term͒ as long as the length of the string l str between two neighboring beads is larger than the bead size D b and can be neglected,
The polymeric contribution F pol to the free energy of the adsorbed layer in a poor solvent for the polymer backbone has the following form:
With this modification of the polymeric contribution to the free energy of adsorbed layer the system of differential Eqs.
Solving the first equation for polymer density (z) in the adsorbed layer as a function of the local electrostatic potential (z),
͑66͒
one can rewrite the Poisson-Boltzmann equation in terms of the electrostatic potential (z) only,
͑67͒
Thus depending on the solvent quality for the polymer backbone there are two different cases. In the case when f (0) 
͑68͒
where the effective screening length r eff Ϫ2 is
The layer thickness D can be found from the boundary condition for the electrostatic potential,
͑70͒
In the limit of a thin adsorbed layer, D/r eff Ӷ1, this equation has a simple solution,
Thus the layer thickness in this region scales linearly with the surface charge density . This region starts when the thickness of the adsorbed layer D becomes larger than the bead size D b in the range of the surface charge densities,
, poor solvent. ͑72͒
The polymer density (z) in the adsorbed layer is almost constant and is equal to that inside beads 3/4a 3 . The layer is build by the blobs of almost constant size T Ϸa Ϫ1 which indicates that electrostatic attraction of charged monomers to a charged surface is weaker than two-body attractions between them.
The electrostatic attraction of charged monomers to a charged surface start to compress the adsorbed polymer layer near the charged surface at surface charge densities of the order of
For higher surface charge densities (Ͼ ) the value of the electrostatic potential at the charged surface ͑0͒ is larger than f Ϫ1 2 . There are two different regions in the adsorbed layer. Close to the charged surface the structure of the adsorbed layer is similar to the one for adsorption from -solvent where polymer density profile is determined by the balance between electrostatic attraction of charged monomers to charged surface and three-body monomer-monomer repulsion. While the polymer density in the outer layer stays almost constant and is determined by the balance between two-body attraction and three-body repulsion. The schematic representation of the adsorbed layer is given in Fig. 3 . The electrostatic potential in the adsorbed layer is
where D I is the thickness of the layer where electrostatic attraction is stabilized by the three-body repulsion,
͑75͒
The total thickness of the adsorbed layer D can be estimated from the electroneutrality condition of the charged surface/ adsorbed layer system,
In this region the thickness of the adsorbed layer is growing as . At the end of this section let us comment on the surface overcharging by adsorbed polyelectrolytes. In the case of the poor solvent Eq. ͑39͒ has the following form: ␦ is positive and the surface is undercharged by adsorbed polyelectrolytes at finite salt concentrations.
IV. POLYELECTROLYTE ADSORPTION IN A GOOD SOLVENT
The calculation of the polyelectrolyte adsorption in a good solvent for the polyelectrolyte backbone can be done analogously to the calculations for a -solvent ͑see Sec. II͒ with two modifications: FIG. 3 . Polymer density profile and layer structure for polyelectrolyte adsorption from the poor solvent ( ϽϽ ion ).
͑i͒
The gradient term in a good solvent differs from that in a -solvent; ͑ii͒
The density in the adsorbed layer is stabilized by the two-body monomer-monomer repulsion.
If the chains are compressed to concentration , the compression is felt only on large length scales and the semidilute solution can be represented as a solution of space filling correlation blobs of size ()Ϸa(a 3 )
Ϫ3/4
. 17 The excluded volume interactions in this solution are of the order of the thermal energy kT per correlation blob. Thus, the polymeric term in good solvent is
where C 1 and C 2 are numerical constants of the order of unity ͑in calculations below I will set C 1 ϭC 2 ϭ1͒. In this case the system of extremal equations for polymer density (z) and electrostatic potential (z) in the adsorbed polymeric layer can be reduced to
where g e good Ϸ(u f 2 ) Ϫ5/7 is the number of monomers in the electrostatic blob in a good solvent. 17, 18 For two-body stabilization the relation between local polymer density and electrostatic potential is
Taking this into account one can rewrite the PoissonBoltzmann equation for polymers in a good solvent as follows:
.
͑83͒
The solution of this differential equation is ͑z ͒ϭ ͩ 
͑84͒
͑85͒
For low salt concentrations (r D ӷD) the polymer density profile has the following form:
and the layer thickness D is .
͑87͒
The thickness of the adsorbed layer in a good solvent has much weaker dependence on the surface charge density than that in a -solvent. 
V. DISCUSSION
I have considered the effects of solvent quality on the adsorption of charged polymers on an oppositely charged surface. For adsorption from and good solvents for the polymer backbone, the equilibrium density profile in the adsorbed layer is determined by balancing the electrostatic attraction of charged monomers to the surface and short-range monomer-monomer repulsion ( e ϽϽ ion ). On the length scales zϽDϪD e the polyelectrolytes form a self-similar carpet with polymer density decaying as (DϪz) 2 in a -solvent for the polymer backbone and as (DϪz) 8 in a good solvent. The thickness of the adsorbed layer D increases with surface charge density as 1/3 in a -solvent and as 1/9 in a good solvent.
For very high surface charge densities (Ͼ ion ) near the wall the surface counterions dominate the screening of the surface potential inside a layer of thickness h and reduce the effective surface charge density at zϷh to the crossover value ion . The polymer density within this layer of thickness h is almost constant with one elementary charge per correlation blob. On intermediate length scales, adsorbed polyelectrolytes form a self-similar structure as described above. In this region the thickness of the adsorbed layer saturates at au Ϫ1/2 f Ϫ3/4 in a -solvent for the polymer backbone and at au Ϫ1/2 f Ϫ9/10 in a good solvent. For adsorption of polyelectrolytes from a poor solvent for the polymer backbone in the interval of the surface charge densities e ϽϽ the thickness of the adsorbed layer grows linear with the surface charge density . The polymer density in the adsorbed layer is constant and equal to a Ϫ3 . If the surface charge density increases further ( Ͻ Ͻ ion ), the equilibrium density profile in the adsorbed layer is determined by the balance between electrostatic attraction of charged monomers to the surface and short-range monomer-monomer repulsion in the layers close to the surface and by the balance of the two-body attraction and threebody repulsion further away from it. On length scales zϽh the polyelectrolytes form a self-similar carpet with polymer density decaying as (DϪz) 2 . At intermediate length scales (hϽzϽD) the polymer density in the adsorbed layer is constant and is equal to that inside the polymeric globule a Ϫ3 . The layer thickness increases with surface charge density as 1/3 . As in the case of and good solvents for very high surface charge densities (Ͼ ion ) the surface counterions dominate the screening of the surface potential near the wall. There are three different regions in the adsorbed layer. Close to the charged surface, counterions dominate the surface screening and the polymer density is almost constant Ϸa Ϫ3 f 1/2 with one elementary charge per correlation blob. Further away from the charged surface adsorbed polyelectrolytes form a self-similar structure with a parabolic density profile. At the edge of the adsorbed layer the polymer density is constant again and is equal to a Ϫ3 . The thickness of the adsorbed layer saturates at au Ϫ1/2 f Ϫ3/4 . Adsorbed polyelectrolytes always overcompensate the surface charge for adsorption from and good solvents for the polymer backbone. At low ionic strengths the surface overcharging increases with increasing the salt concentration. Polyelectrolyte chains in a poor solvent demonstrate qualitatively different behavior. In this solvent, the adsorbed chains undercompensate the surface charge and polymer surface coverage always decreases with increasing salt concentration.
Of course the theory presented here does not cover all aspects of polyelectrolyte adsorption. I leave aside the question of adsorption of weak polyelectrolytes where the actual charge fraction f is controlled by the pH of the solution and by the local environment. Another problem that has not been discussed in the present paper is the effect of specific interactions between the charged surface and polymer backbone. I will address these problems in future publications.
